Problem with a solution proposed by Arkady Alt , San Jose , California, USA.
Let a,b,c be sidelengths of a triangle ABC.Let A4,,BB,,CC; are heights of the triangle
and
leta, = BiC1,b, = Ci141,c, = A1B: be sides of pedal triangle. Prove that:
a) a’(b, +cp) +b*(cp +ay) +c*(ay+by) = 3abc.
(or ay(b? + c?) + b,y(c* + a*) + c,(a® + b*) = 3abc)
b) a, + b, + ¢, < 5, where s is semiperimeter of ABC.
Solution.
Firstly we will prove identity
(1) a*cos(B—-C)+b3cos(C—A) +c3cos(4 — B) = 3abc.
Let A4,,BB.,CC; are heights of the triangle. Then,
3 aPcos(B-C) =Y a?2Rsind - SIN2B+sin2C _ pS~ 12(6in 2B + 5in2C) =

cye cyc 2sin4 cye
2R (asinB -acosB +asinC -acosC) = 2RY (CC, + BCy + BB, - CB,) =
cye cyc
2R(ZCC1 -BCl +ZBBL . CBl> = ZR(chl -BC1 +ZCC1 'AC1> =
cye cyc cyc cyc
2R CCy - (BCy + ACy) = 2RY. CC) + AB = 2R Y. 2[ABC] = 12R - [ABC] = 3abc.
cyc cyc cyc

Let 44,,BB:,CC, are heights of the triangle and let @, = B\C1,b, = C141,¢, = A1B;
be sides of pedal triangle. Then
ap, = acosd = 2Rsin4AcosA = Rsin24,b = bcosB = Rsin25,
¢y, = ccosC = Rsin2C.
Also we have:
sin2B + sin2C = 2sin(B + C)cos(B— C) = 2sindcos(B-C) <
(2) l|cos(B-C) = sin2B +sin2C

2sin4 <
i i b,+c b,+c
cos(B - C) = Rsm22§;—irilsm2C _ pa I pa P <] <

(3) b,+c, < a
Thus we obtain identity

(4) ap,+by,+c,=acos(B—C)+bcos(C—A)+ccos(4—B)
and inequality a, + b, + ¢, < s.




